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Abstract-This study is devoted to numerical modelling of unsteady gas dynamical 
processes in neutron stars which are speculated to be the remnants of supernovas. The 
numerical solution of the model is obtained by introducing an artificial viscosity, as in 
the solution scheme given by Rictmyer and Morton[ I]. It is concluded from the solution 
that the formation of a dense inner core within a less dense envelope occurs indepen- 
dently of both the initial configuration of neutron stars and the method of “incorpo- 
ration” of the nonmonotonic equation of state. 
Phase transitions can occur in matter under certain conditions. For example, with a de- 
crease in temperature, it is possible for a gas to condense to a fluid. Such processes are 
described by the Van der Waals’ equation of state, i.e., by a nonmonotonic curve in the 
pressure-specific volume or the pressure-density plane. The region where the derivative 
dPldv is positive or dPldp is negative is unstable. Hence, in real processes. the phase 
transition of gas a fluid takes place at a constant pressure external to the nonmonotonic 
region. 
Yanenko et ~21.12, 31studied a model problem on the dynamics of a self-gravitating gas 
sphere within the frame of the Newtonian theory of gravitation, 
au au 1 aP 
y$ + 14; = - -- - 
G M(r) 
P ar r2 ’ 
(1) 
M(v) = 4 IT I’ rt2 p(r’) dr’, 
with the nonmonotonic equation of state. 
P = cp2 + c, f (p). (2) 
where, r is the radial distance, u is the velocity, p is the density, P is the pressure, t is 
the time, G = 6.67 x IO-’ dyne-cm*/g*, and C and C, are constants. The first term on 
the right-hand side of Eq. (2) describes the monotonic polytropic dependence of pressure 
on density, and the second term describes a nonmonotonic part of pressure (Van der 
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Waals’ type). If C, = 0, then the system of Eq. (I) has a stationary solution, 
0) = 0, p(r) = P(0) --,R , p(r) = Cp*(r), 
0 
which describes an equilibrium gas sphere with a radius of & = (ITC/~G)“’ = 48.X”* 
(m). The numerical solution of the unsteady problem (Eqs. (1) and (2)) with a nonmonotic 
equation of state (C, = 0) shows that, depending on the character of nonmonotonicity, 
essentially different density distributions are obtained within the radius of a sphere. Either 
the sphere is separated into two regions with different densities and a sharp boundary 
between them, or such a separation does not arise, and the density decreases monoton- 
ically from the sphere’s center toward its periphery. 
This article is devoted to numerical modelling of unsteady gas dynamical processes in 
neutron stars, which are, according to modern speculation, the remmants of supernovas. 
Neutron stars have masses of M = 0.5 + 2 M 0, in which M 0 is the mass of the sun, 
the radius is of the order of R = 10 km, and the density in the center is equal to 2 (10)14 
- 4 (10)” g/cm3 (see, Smith[41). According to Migdal[S], there is a possibility that 7~- 
meson condensation (pion condensation), accompanied by the formation of pion conden- 
sates, exists in matter of such high densities. In this case, the energy density of the neutron 
matter is equal to ~(0) = E&Z) + en(n), in which n is the number of nucleons in a unit 
volume, EN the energy density of a pure neutron matter, and E, the energy density con- 
nected with the formation of a pion condensate. Pressure, P, and compressibility, K, of 
the matter are connected with the energy density by the formula 
P = n* & (e/n), and K&k 
dn2 ’ 
As shown by Migdal[Sl, the dependence of the energy density, E, is defined by the 
interpolation formula 
e(n) = EN(n) - 4 P(n)+ - n*)2 , n > n* 
EN(n) ,n<n,’ 
(4) 
in which EN(n) is the usual monotonic function of density, R, some critical density, P(n) 
= u + b (n*ln) + c’ (n*ln)*, and a, h, and c are coefficients whose values, together with 
n,, are given by Migdal[S]. Compressibility of the matter, K, is proportional to the value 
d2eldn’. Therefore. at n = n,, there is a discontinuity of K that is indicative of phase 
transition. In fact, at n < n,, the compressibility is equal to K = KN = II d%Vldn > 0. 
When the density approaches n, from the direction of high densities, the compressibility 
K+K,v-(u+~+c.)~KN- PO. If it happens that rz = n, so that PO > KN, then 
the compressibility, K, will be negative at densities higher than the critical density, and 
an unstable state will be established. The density of the matter is defined by Eqs. (3) and 
(4) and equals 
P = n* 2 (e/n) = n $ - E 
= Ps(n) - i n’{(u + b (n,ln) + c(n,ln)‘) (1 - nlln’) 
- (n,ln) (1 - n,ln)’ (b + 2 c n,/n)}.O(n - n,). (5) 
Here, 6(n - n*) = I at n > n *, and H(n - n,) = 0 at n < II*. 
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Pion condensation in the region of high densities leads to the “softening” of the equation 
of state, and for some sets of parameters, the equation of state can become nonmonotonic 
in a qualitative way with respect to the Van der Waals’ type. In the region where dP/d 
(l/n) is unstable, therefore, we can expect the occurrence of density jump as well as an 
essential reconstruction of the neutron star’s structure. The star can reach a condition of 
nonmonotonic dependence of pressure on density in different ways, i.e., when increasing 
the mass (and the density, respectively) at the expense of the matter accreted in binary 
systems through contraction or cooling. Let us write down the system of Eqs. (I) and (5) 
in mass Lagrangian coordinates, 4 = M(r)/M, and dimensionless variables as follows: 
dr dr 
- = ,I,- = J- 
at dq pr2 ’ 
P = PI 
t 
PQ32P) - ; 032P)2 
K 
a+hy+c$)(l-$) 
- Pf (I - y2 (b + e)]} (I - e-7’). (6) 
Here, pi and pz are the transition coefficients of P and p from the pion to dimensionless 
units. Introduction of the factor (I - e-y’), which changes the equation of state with 
time, enables us to imitate the star’s cooling process. For a scale of Eulerian coordinates, 
velocity, density, and pressure, the following values are chosen: 
r. = (2AinG)“’ BP’ [(P,./B)~‘~ + I]- I”, u. = (3GM/R,,)“‘. 
PO = P<& 
in which p<. is the density in the center, M the mass, and R. the initial star’s radius in the 
CGS system (A = 6.89 ( 10)j5 dnlcm2, B = 6.12 ( 10)15 g/cm’) (see Chandrasekhar[6]). The 
monotonic part of the pressure P,dn) is taken from Pandharipande’s[7] work for pure 
neutron matter. Let us set the boundary and initial conditions as: 
40, t) = 0, r(0, t) = 0, P(I, f) = 0; (7) 
u(q, 0) = 0, r(q, 0) = r”(q). (8) 
To determine the initial Eulerian coordinates, r"(q), it is necessary to set a specific density 
distribution, p(r), and solve the equation dr"ldq = yi(r")' p(ro). 
The numerical solution of the problem (Eqs. (6) through (8)) is obtained using the 
scheme given by Richtmyer and Morton[l] for an artificial viscosity. Thus: 
$I+ II2 = &-l/2 _ 
F (rj"12 (Pj”+ 112 - P,!’ 112 + W./l+ ,,2 - w.l’ ,,2) - p7 $23 
yJ”+’ = yy + *C+IJ2 7, 
J 
pjn_tl:2 = 3qh[(rJJ+ ‘)3 - (I$+,‘)~]~‘, 
p?_+ ’ J l/2 = p(Pjn_tl:2) 1 
(9) 
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Here, the indices n and j are referred to the variables t and y, T is the time step, h = 
l/N is the step in a Lagrangian coordinate, and v is the coefficient of the artificial viscosity. 
The necessary elements for solving the system of equations (9) for the velocity values, 
u!“, are calculated from the expansion into a series u/” = u:’ + 7/2 (u,)?. The functions, J 
ur (4, O), are determined from the first equation of the system (9). At the last point, j = 
N, the difference equation of motion is written in the form of 
K? uk+ I/2 = uzll/2 + _ (f&)2 
h c 
3(P’h- 112 + W’X- I/2) 
- f (Pk_3,2 + G-32) 
I 
- p.qlVl(YnN)2. (10) 
The principal calculations are made with the values of 11 = 0.0167 and T = 0. An initial 
configuration of the star is obtained by using a numerical solution of the equilibrium 
equation, 
Id X’ df dy -- --_ = 
x2 dx (oy2 - l)3’2 dy ctu 
- i (& - l)j”, (I 1) 
with the following conditions: y(O) = I, dyldx (0) = 0, y(h) = I - Shi3a (a - I)’ 
(dfldy),:1,. Here, the notations 
y=a -“2 [(p/B)Z’” + 1]“2, (Y = (pJB)*” + 1, f = P/A, x = r/r0 
are introduced. 
Let us consider the results of the solution of system (6). An initial density in the sphere’s 
center is taken equal to p<. = 1Or5 g/cm3. The setting of this parameter enables us to derive 
from the solution of Eq. (11) all of the characteristics of the star’s initial configuration, 
i.e., mass (M = I .85 M 0) and radius (RO = 13.05 km). Because the pressure dependence 
on the density is represented in Pandharipande’s[7] study by a table and a wide range of 
densities, which should be covered by interpolation only with respect to two points (p = 
8 (10)13 g/cm3 and p = 0), this configuration only approximates equilibrium. However, 
because we are interested only in the solution of an unsteady problem, the calculation of 
accurate equilibrium is not required. The accuracy of the solution of Eq. (I 1) influences 
only the initial stage of the unsteady processes under consideration. Calculations corre- 
sponding to different velocities of star cooling, i.e., corresponding to different values of 
the coefficient y, have been conducted (y = 0.5 implies “rapid” cooling, and y = 0.025 
“slow” cooling). In Fig. I, the equation of state, P(p), is represented at various times. 
(Curve 1: t = 0; curve 2: t = 0.05 msec for y = 0.5; curve 3: t = 3 msec for y = 0.025). 
It is instructive to note that the unstable region with dpldp < 0 rises with time in the star. 
The density distribution depending on the Lagrangian coordinate at times t = 0.9 msec 
(curve 1) and t = 2.6 msec (curve 2) is represented in Fig. 2 for the case of a slowly 
cooling star. Note that a gradual formation of stable density discontinuity occurs with 
continuous pressure. A similar picture is obtained in the case of a rapidly cooling star. 
The density increase takes place at step h independent of the value of this step. The 
position of the increase in the Lagrangian coordinate, 4 = q, , is stationary (q* = 0.91), 
and the value depends on the parameters of the equation of state. 
Figures 3 and 4, illustrate the dependence of the external radius, R(t), and discontinuity 
radius, R,(t), of a slowly and rapidly cooling star, respectively. The moment of the non- 
monotonicity origin in the equations of state is marked by a point on the abscissa. At 
sufficiently long periods of time, radii R(r) and R,(r) undergo oscillations near the values 
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Fig. I. Equation of state, P versus lip, at various times. 
Fig. 2. Density distribution at various times in a slowly cooling star (curve I for t = 0.9 msec. curve 2 for t = 
2.6 msec). 
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Fig. 3. Time-dependence of external radius R(t) and discontinuity radius R,(r) for a slowly cooling star (radius 
R is in km and time t in milliseconds). 
06 
Fig. 4. Time-dependence of external radius R(r) and discontinuity radius R,(r) for a rapidly cooling star (R is 
in km and I in milliseconds). 
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R = 9.6 km and R, = 8.30 km. In the case of a rapidly cooling star, the amplitude of 
these oscillations is noticeably larger. 
Calculations of the dynamics of a neutron star whose initial density in the center is 
equal to 4 (10)14 g/cm.-’ (M = 0.45 M 0, R. = 26.2 km) and momentary “incorporation” 
of the nonmonotonic equation of state at time t = T, which corresponds nominally to the 
case y = =, have also been carried out. The density p<. I,=o is less than the density in the 
interval of the nonmonotonic dependence P(p). The initial configuration is such that the 
star begins contracting, and matter enters these regions. Afterwards, stable discontinuity 
appears. 
Thus, the results of the calculation enable us to draw the conclusion that the formation 
of a dense inner core within a less dense envelope occurs independently of both the initial 
configurations of neutron stars and the method of “incorporation” of the nonmonotonic 
equation of state. 
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